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Abstract 

Let A = R"' C C"’ and Q{x) := ^ log(l + x^) where x = (xi, ...,Xn) and = xf + 
• • • + x^. Utilizing extremal functions for convex bodies in R”’ C C"' and Sadullaev’s 
characterization of algebraicity for complex analytic subvarieties of C”' we prove the 
following explicit formula for the weighted extremal function Vk,q- 

Vk,q{z) = 1 log([l + | 2 ;p] + {[1 + FIY - |1 + 

where z = {zi,Zn) and z^ = zf+• • ■+z‘^. As a corollary, we find that the Alexander 
capacity rtj(RP”) of RP" is 11^/2. We also compute the Monge-Ampere measure of 
Vk,q- 

{d(fVK,QT = n\- - \-^dx. 

(1 + X^) 2 


1 Introduction 


For K G compact, define the usual Siciak-Zaharjuta extremal function 


Vk{z) := max 0, sup 

p 


S —-— 

{deg{p) 


log|p( 2 ;)| : p poly., \\p\\k := max \p{z)\ < 1 


zeK 


( 1 . 1 ) 


where the supremum is taken over (non-constant) holomorphic polynomials p, and let 
V^{z) := limsup^^,j W(C) be its uppersemicontinuous (use) regularization. If iF C C” is 
closed, a nonnegative uppersemicontinuous function w : K ^ [0, oo) with {z ^ K : w{z) = 
0} pluripolar is called a weight function on K and Q{z) := —\ogw{z) is the potential of 
w. The associated weighted extremal function is 

Vk,q{z) := sup{^^^log \p{z)\ : p poly., ||i^ < 1}. 

Note Vk = Vka- For unbounded JF, the potential Q is required to grow at least like log \z\. 

If, e.g, 

liminf (Q{z) — log| 2 ;|) > —oo 

zGK, |2:|^+oo 
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(we call Q weakly admissible) , then the Monge-Ampere measure (dd^V^q)^ may or may not 
have compact support. A priori these extremal functions may be defined in terms of upper 
envelopes of Lelong class functions: we write L(C”) for the set of all plurisubharmonic 
(psh) functions u on C” with the property that u{z) — log | 2 ;|= 0 ( 1 ), | 2 ;|^cxo and 

L+(C") := {u e L(C") : u{z) > log+ |z| + C} 

where C is a constant depending on u. For K compact, either G or = 

oo, this latter case occurring when K is pluripolar; i.e., there exists u ^ —oo psh on a 
neighborhood of K with K <Z {u = —00} . In the setting of weakly admissible Q it is a 
result of j6] that, provided the function 

sup{m(.s) : u G L(C"'), u < Q on K} 
is continuous, it coincides with Vk,q{z). 

If we let X = with the usual Kahler form u normalized so that Jp„ ca”' = 1, we can 
define the class of u—psh functions (cf., [TT] I 

PSH{X,u) := {(j) G L\X) : 0 use, dd^cf + u > 0}. 

Let z := [zq : Zi :■■■: Zn] he homogeneous coordinates on X = P*^. Identifying C" with 
the affine subset of P” given by {[1 : : • • • : z„]}, we can identify the w—psh functions 

with the Lelong class L(C"'), i.e.. 


PSH{X,uj) ^ L(C"), 

and the bounded (from below) a;—psh functions coincide with the subclass L+(C"'): if 
0 G PSH{X,uj), then 

u{z) = u{zi, ..., Zn) := 4>{[l : Zi : ■ ■ ■ : Zn]) + ^ log(l + G L(C"); 
if M G L(C"'), define 0 G PSH{X,uj) via 

0([1 ■. zi ■.■■■■. Zn]) = u{z) - ^ log(l + \z\^) and 

0([O : 2:1 : • • • : Zn]) = limsup [u{tz) - ^ log(l + \tz\^)]. 

|i|—>-oo, t£C ^ 

Abusing notation, we write u = 0 + mo where uo{z) := ^ log(l + I^P). Given a closed subset 
X C P*^ and a function q on K, we can define a weighted u—psh extremal function 

VK,q{z) := sup{0(z) : 0 G PSP[{X,u), 0 < g on K}. 

Thus if X C C P*^, for [1 : 2:1 : • • • : Zn] = [1 : 2 ;] G C"' we have 

VK,qi[l : z]) = sup{m( 2 ;) : u G L(C”), u < Uo + q on K}-Uo{z) = VK,uo+qiz) -Uo{z). (1.2) 
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If g = 0, the Alexander capacity T^{K) of K C P” was defined in [TT] as 

T^{K) := exp [-supn^.o]- 

pn 

This notion has applications in complex dynamics; cf., [TO] . 

These extremal psh and w—psh functions Vk,Vk,q and VK,o,VK,q, as well as the ho¬ 
mogeneous extremal psh function He oi E <Z (whose definition we recall in the next 
section), are very difficult to compute explicitly. Even when an explicit formula exists, 
computation of the associated Monge-Ampere measure is problematic. Our main goal in 
this paper is to utilize a novel approach to explicitly compute Vk,q and {dd^VK^QY ^^e 

closed set A' = R” C C” and the weight w{z) = \f{z) \ = \ 1 where z^ = zf-\ - z^ 

(see fl4.3p or Theorem 15.11 and fl6.5p i. Note the potential Q{z) in this case is the standard 
Kahler potential Uq{z) restricted to R"". As an application we can calculate the Alexander 
capacity r(^(RP’^) of RP'^ fCorollary 15.2p . 

We offer several methods to explicitly compute Vk,q- For the first one, we relate this 
weighted extremal function to: 

1. the extremal function of the real {n + l) — ball 

n 

Bn+l = {(uo, e R”+^ : < 1} 

3=0 


in R"+^ c as well as 
2. the extremal function of the real n—sphere 

n 

A = {(uo,...,Wn)eR"+';5^u2^1} 

3=0 

in R”+^ considered as a compact subset of the complexified n—sphere 

n 

A ;= {(Wo,..., W„) e ■.J2wf = l} 

3=0 

in This function is the Grauert tube function of K in A; cf., [15] . 

A similar (perhaps simpler) idea is a relation between Vk,q and 
1. the extremal function Vr of the real n—ball 

n 

Bn := {(«!,...,«„) e R^ : < 1} 

i=i 


in R" C C"" and 
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2. the homogeneous extremal function Hs of the real n—upper hemisphere 

n 

S := {(uo, e < 1, > 0} 

j =0 

in considered as a subset of A 
obtained by projecting S onto Bn- 

In both cases we appeal to two well-known and highly non-trivial results: 

1. using Theorem 12.II (or [1]) we have a foliation of C"\i?n (and by complex 

ellipses on which Vb„ (Vb^+J is harmonic; and 

2. using Theorem 12.21 we have (and Hs) is locally bounded on A and is maximal on 
A\K (on kl\^). 

See the next section for statements of Theorems 12.11 and 12.21 and section 4 for details of 
these relations. 

Bloom (cf., |1] and [3]) introduced a technique to switch back and forth between certain 
pluripotential-theoretic notions in and their weighted counterparts in C""; we recall 
this in the next section. In section 3, we discuss a modihcation of Bloom’s technique 
suitable for special weights w and we use this modihcation in section 4 to construct a 
formula for Vk,q on a neighborhood of M” for the set it' = M” C C” and weight w{z) = 

\ = I (i_|_^ 2 p /2 1- This formula gives an explicit candidate u G L(C"') for Vk,q- In section 
5 we give another “geometric” interpretation of u by observing a relationship with the Lie 
ball 

Ln := {z = (zi, ..., Zn) G C” : {\z\^ - < 1} 

which we use to explicitly compute that {dd'^u)^ = 0 on €"■ \ M", verifying that u = Vk,q- 
As a corollary, we compute the Alexander capacity Ttj(RP"') of MP*^. Finally, section 6 
utilizes results from |9] to compute an explicit formula for the Monge-Ampere measure 
{dd^VK,Q)^. 


2 Known results on extremal functions 

In this section, we list some results and connections about extremal functions, all of which 
will be utilized. 

One particular situation where we know much information about Vk is when iF is a 
convex body in M”; i.e., iF C M” is compact, convex and intR^JF ^ 0. 

Theorem 2.1. Let K G ML be a convex body. Through every point z E \ K there is 
either a complex ellipse E with z E E such that Vk restricted to E is harmonic on E\K, or 
there is a complexified real line L with z E L such that Vk is harmonic on L\K. For such 
E, E D K is a real ellipse inscribed in K with the property that for its given eccentricity 
and orientation, it is the ellipse with largest area completely contained in K; for such L, 
L n K is the longest line segment (for its given direction) completely contained in JF. 
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We refer the reader to Theorem 5.2 and Section 6 of [8]; see also [7]. The ellipses and 
lines in Theorem 12.11 have parametrizations of the form 


F{() — a + cC + -, 

a G M"', c G C”, C E C with Vk{F{()) = log"*" |C| (c denotes the component-wise complex 
conjngate of c). These are higher dimensional analogs of the classical Joukowski fnnction 
( 1 -^ -|- i). For K = Bn, the real nnit ball in M"’ C C”, the real ellipses E fl Bn and 

lines Lni?„ in Theorem 12. II are symmetric with respect to the origin and, other than great 
circles in the real boundary of Bn, each E fl Bn and L fl Bn hits this real boundary at 
exactly two antipodal points. Lundin proved PI. II] that 

Vk {z) = ^\og h{\z\‘^+ \z^-1\), ( 2 . 1 ) 

where ^ \zj\‘^, z"^ = ^ the inverse Joukowski map + j)) = t for 

1 < t G M. In this example, the Monge-Ampere measure {dFVK)^ has the explicit form 


{dFVKr 


n\ vol{K) 


dx 
(1 — \x 


1 

2 


(see also fl6.4p i. 

We may consider the class 


n! vol{K) 


dxi A • • • A dxn 

(1- |x|2)5 


H := {u E L(C"') : u{tz) = log |t| -|- u{z), t E C, z E C"'} 


of logarithmically homogeneous psh functions and, for E C C”, the homogeneous extremal 
function of E denoted by Hf. where 

He{z) ;= max[0 ,sup{m( 2 ;) -.ueH, m < 0 on E}]. 

Note that He{z) < Ve{z). If E is compact, we have 


He{z) =max[0,sup{- 


'deg{h) 

The iJ—principle of Siciak (cf.. 


log \ h{z)\ : h homogeneous polynomial. 


<!}]• 


gives a one-to-one correspondence between 

1. homogeneous polynomials Hd{t,z) of a fixed degree d in x C” and polynomials 
Pd{z) = Hdil, z) of degree d in C” via 


Hd{t,z) := t^^pdiz/t); 


2. psh functions h(t,z) in E[{Ct x C”) and psh functions u{z) = h{l,z) in L{Cf) via 
h{t, z) = log |f| -|- u{z/t) if f 7 ^ 0; h(0, z) := limsup h{t, z); 

(t,0^.(0,z) 
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3. extremal functions Ve of E' C C” and homogeneous extremal functions Hixe via 2.; 
i.e., 

Ve{z) = Hixe{^, z). ( 2 . 2 ) 

To expand upon 3., given a compact set E C C”, if one forms the circled set (S' is circled 
means z E S G S) 

Z{E) ;= {{t,tz) G -.zEE, |t| = 1} C 


then 

Hz{e){^, z) = Ve{z)] 


indeed, for t 7 ^ 0 , 


HziE)^^, z) = VE(z/t) + log \t\. 
Note that Z(E) is the “circling” of the set {1} x E C 


In general, if i? C C", the 


set 

E^ := {E^z :zEE, 0 G M} 

is the smallest circled set containing E. If E is compact, then Ec, the polynomial hull of 
Ec, is given by 

Ec = {tz : z E E, |t| < 1} 

which coincides with the homogeneous polynomial hull of E: 

Ehom '■= {z E : \p{z)\ < IIpIIe for all homogeneous polynomials p}. 


We have He^ = Ve^- For future use we remark that if £' C F with He = He = Vf, it is 
not necessarily true that Ve = He- As a simple example, we can take E = Bn, the real 
unit ball, and E = Ec = Ehom- Then E = Ln, the Lie ball 

Ln = {z= (Zi, ..., Zn) E C" : |z|2 + {|z|4 - |z2|2}1/2 < 1 } 

(see section 5). Here, 7 ^ Vl„. 

More generally, if iF C C” is closed and ta is a weight function on K, we can form the 
circled set 

Z{K,Q) ■-= {{t,tz) E ■- z E E, \t\ = w{z)} 

and then 

Hz{K,Q){^, z) = Vk,q{z)-, 

indeed, for t 7 ^ 0 , 

Hz{K,Q){t, z) = VK,Q(z/t) + log \t\- 

This is the device utilized by Bloom (cf., |1] and [3]) alluded to in the introduction. 
Finally, we mention the following beautiful result of Sadullaev |14j . 

Theorem 2.2. Let A be a pure m—dimensional, irreducible analytic subvariety o/C" where 
1 < m < n — 1. Then A is algebraic if and only if for some (all) K (Z A compact and 
nonpluripolar in A, Vk in U.l\) is locally bounded on A. 
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Note that A and hence K is pluripolar in C” so = oo; moreover, Vk = cxd on C” \ A. In 
this setting, Vk\a (precisely, its use regularization in A) is maximal on the regular points 
j\reg outside of K] i.e., = 0 there, and Vk\a £ L{A). Here L{A) is the 

set of psh functions u on A {u is psh on and locally bounded above on A) with the 
property that u{z) — log \z\ = 0(1) as \z\ —)■ exo through points in A, see [E]. 

3 Relating extremal functions 

Let iL C C” be closed and let / be holomorphic on a neighborhood H of K. We dehne 
F ; H C C" ^ C’"+^ as 


F{z) := {f{z), zf{z)) = W= (Wo, W') = (Wo, Wi,..., W^ 
where W' = (Wi,..., W„). Thus 

Wo = f{z), Wi = zj{z),..., W„ = zj{z). 

Moreover we assume there exists a polynomial P = P{zo,z) in with P{f{z),z) = 0 
for 0 G H; i.e., / is algebraic. Taking such a polynomial P of minimal degree, let 

H := {W G ; P(Wo, W'/Wo) = P(Wo, Wi/Wo,..., WjWo) = 0}. (3.1) 

Note that writing P(Wo, W'/Wq) = P(Wo, W')/Wo where P is a polynomial in and 
s is the degree of P{zo, z) in z we see that A differs from the algebraic variety 

I := {W G : P(Wo, W) = 0} 


by at most the set of points in A where Wq = 0, which is pluripolar in A. Thus we can 
apply Sadullaev’s Theorem 12.21 to nonpluripolar subsets of A. Now P{f{z),z) = 0 for 
z E fl says that 


F{n) = {{f{z),zf{z)):zen}cA. 


We can dehne a weight function w{z) := \f{z)\ which is well dehned on all of H and in 
particular on K] as usual, we set 


Q{z) :=-logw{z) =-\og\f{z)\. (3.2) 

We will need our potentials dehned in fl3.2p to satisfy 

Q{z) := max{- log | Wo| : W G H, W'/Wq = z} (3.3) 

and we mention that fl3.3p can give an a priori dehnition of a potential for those 2 ; G C” at 
which there exist W G H with W'/Wq = z. 

We observe that for K C H, we have two natural associated subsets of A\ 

1. K ■={W eA- W'/Wq E K} and 
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2. F{K) = {W = F{z) eA:zeK}. 

Note that F{K) C K and the inclusion can be strict. 

Proposition 3.1. Let K (Z LF be closed with Q in / 1 5'.^)) satisfying l\3.3\) . If F{K) is 
nonpluripolar in A, 


Vk,q{z) - Q(z) < Hf(^k)(}V) for z efl with f{z) 7 ^ 0 


where the inequality is valid for W = F{z) E F(Q). 

This reduces to (12.21) if w(z) = 1 (Q(z) = 0) in which case F(K) = {1} x K. 

Remark 3.2. In general, Proposition 13.11 only gives estimates for Vk,q(z) if z E ft and 
f{z) 7 ^ 0. We will use this and Lemma [33] in the next section to get a formula for Vk,q{z) 
when K = Z C" and the weight w{z) = \f{z)\ = \ ^^^^ 2 ) 1/2 1 for in a neighborhood 
of and in section 5 we will verify that this formula is valid on all of C"'. 

Proof. First note that for z E K and W = F{z) E F{K), given a polynomial p in C”, 
\w{zY^3Pp{z)\ = \f{z)\'^^<^P\piz)\ = |<^XW7Wo)| = \p{W)\ 


where p is the homogenization of p. Thus \\w‘^^^^p\\k < 1 implies \p\ < 1 on F{K). Now 
Ax z E PL al which f{z) 7 ^ 0 (so Q{z) < 00) and £x e > 0. Choose a polynomial p = p{z) 
with \ \w'^^^^p\\k < 1 and 

log \p{z) I > Vk,q{z) - e. 

degp 

Thus 

Vk,q{z) - e - Q(z) < “ Q(Y- 

For W E A with Wq 7 ^ 0 and W'/Wq = z, the above inequality reads: 

Vk,q(z) - e - Q{z) < ^ log \p{W'/Wo)\- Q{W'/W,) < log \p{W'lWo)\ + log |Wo| 

degp degp 

from fl3.3p . But 


1 

degp 


log |p(hFVlFo)| + log|hFo 


1 

degp 


log|<^XhFVhFo)| 


degp 


log \p{W)\- 


This shows that 


Vk,q{z) - e - Q{z) < sup{^^log \p{W)\ : b| < 1 on F{K)} < HF{K)iW). 


□ 

Next we prove a lower bound involving K which will be applicable in our special case. 


















Definition 3.3. Let A C be an algebraic hypersurface. We say that A is bounded on 
lines through the origin if there exists a uniform constant c > 1 such that for all W G A, 
ii aW G A also holds for some a G C, then |q!| < c. 

Example 3.4. A simple example of a hypersurface bounded on lines through the origin 
is one given by an equation of the form p{W) = 1, where p is a homogeneous polynomial. 
In this case, if aW G A then 

1 = p{aW) = 

so a must be a root of unity. Hence we may take c = 1. 

In order to get a lower bound on Vk,q — Q we need to be able to extend Q to a function 
in L(C”). 

Lemma 3.5. Let K (Z and let Q(z) = — log \f{z)\ with f defined and holomorphic on 
H D K. Define A as in and assume Q satisfies H3.3\) . We suppose A is bounded on 
lines through the origin, K is a nonpluripolar subset of A, and that Q has an extension to 
C" (which we still call Q) satisfying H3.3\) such that Q G L{£A). Then given z G C", 

H^{W) < V^{W) < Vk,q{z) - Q{z) 

for all W = (Wo, W') G A with W'/Wo = z. 

Proof. The left-hand inequality Hj^fW) < Vf^iW) is immediate. For the right-hand in¬ 
equality, we first note that V^(W) G L{A) if K is nonpluripolar in A. Hence there exists 
a constant C G M such that 

VfiiW) < log I W| + C = log I Wol + ^ log(l + I W'/WoH + C 

for all W G A with Wq 7 ^ 0. 

Define the function 

U{z) := max{V^{W) : W G A, W'/Wq = z} + Q{z). 

Note that the right-hand side is a locally finite maximum since A is an algebraic hypersur¬ 
face. Away from the singular points A^*"^ of A one can write V^(W) as a psh function in 
by composing it with a local inverse of the map A 3 W z = W'/Wq G C”. Hence U 
is psh off the pluripolar set 

{zeC’^:z = W'/Wo for some W G 

and hence psh everywhere since it is clearly locally bounded above on C”. 

Also, since = 0 on K it follows that D < Q on K. We now verify that D G L{€A) 
by checking its growth. By the definitions of U and Q and fl3.3p . given z & PA there exist 
W,VeA, with z = W'/Wo = V'/Vo, such that 

U{z) = V^{W) + Q{z) and Q(.s) = - log |Ho|. 


9 







Note that W = aV, and since A is uniformly bounded on lines through the origin, there 
is a uniform constant c (independent of hh, V) such that |a| < c. We then compute 

U{z) = V^{W)-\og\Vo\ < V^(W)-log|Wo|+logc 

< log |iy| + C — log |Wo| + logc 

= log |W/Wo| + C + logc = i log(l + \z\^) + C + logc 

where C > 0 exists since G L{A). Hence U G L(C”), and since U < Q on K this means 
that U{z) < Vk,q{z). By the dehnition of U, 

V^{W) + Q{z)<Vk,q{z) 

for all W G A such that WjW^ = which completes the proof. □ 

The situation of Lemma 13.51 will be the setting of our example in the next section. 

4 The weight w{z) = | 2 ) 1 / 2 ! K = W^ 

We consider the closed set iL = M"' C C" and the weight w{z) = \f{z)\ = \ I where 

z'^ = zl-l - \- z"^. Note that f{z) ^ 0 and we may extend Q{z) = — log \f{z)\ to all of C"' 

as Q{z) = i log |1 + G L(C"'). Since 

(i+z^)-f{zr-i=o, 

we take 

P{zo,z) = {l + z^)zo - 1. 

Here, 

A = {W: P{Wo, W'/Wo) = (1 + W'^jWDWl - 1 = - 1 = 0} 

is the complexihed sphere in From Dehnition 13.31 and Example 13.41 A is bounded on 

lines through the origin. Note that / is clearly holomorphic in a neighborhood of M”; thus 
we can take, e.g., D = {z = x + iy & £A ■. = y\ + ■ ■ ■ + y‘^ < s < 1} in Proposition 13 .1 1 and 

Lemma 13751 where Zj = Xj + iyj. Condition fl3.3p holds for Q{z) = | log |1 + G L(C") 
at z G C" for which there exist W G H with W/Wq = z since W = (Wq, W) G A implies 
Wo = ±Vl - {W')^ so that I Ho I is the same for each choice of Wo. We have 

F{K) = {(/(.). zf(z)) : z = (.1. z„)€K = E"} = {(^ ^ ^ 

Writing uj = ReWj, we see that 


F{K) = {{uo,...,Un) G = 1, uo > 0}. 

j=0 
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On the other hand, 


K = {WeA: W'/Wo eK} = G = !}• 

i=o 


Clearly K is nonpluripolar in A which completes the verihcation that Lemma 13.51 is appli¬ 
cable. We also observe that since for any homogeneous polynomial h = h(lLo,..., Wn) we 
have 

|/i( rto, li 1 ,..., lifi) I \h(uQ^ rti,..., Myi)!, 

the homogeneous polynomial hulls of K and F{K) in coincide so that 
in A. Since 


n 


F{K) \ F{K) = {(mo, ...,m 0 e “0 

j=0 


is a pluripolar subset of A, 


0} C An {Wo = 0} 


% = Hf(k) ( 4 . 1 ) 

on A \ P where P C A is pluripolar in A. Combining fl4.ip with Proposition 13.11 and 
Lemma [3.51 we have 


P^(W) = V^(W) = Vk,q{z) - Q{z) = Pp(x)(W) (4.2) 

ioT z E Q := Q \ P and W = F{z) where P is pluripolar in C"^. 

To compute the extremal functions in this example, we hrst consider in A. Let 

n 

B := = {(mo,...,m„) G < 1} 

j=o 

be the real {n + 1 )—ball in 

Proposition 4.1. We have 

Vb{W) = V^(W) 

for W G A. 

Proof. Clearly Vb|a < To show equality holds, the idea is that if we consider the 
complexihed extremal ellipses La as in Theorem 12.11 for B whose real points Sa are great 
circles on K, the boundary of B in then the union of these varieties hll out A: 

Uo,Lo, = A. Since Vb\lo, is harmonic, we must have Vb|l„ > so that Vb\a = Vk- 

To see that AaLa = A, we hrst show A C AaLa- If W G A\ K, then W lies on 
some complexihed extremal ellipse L whose real points E are an inscribed ellipse in B with 
boundary in K (and Vb\l is harmonic). If L 7 ^ Lq, for some a, then E A K consists of two 
antipodal points ±p. By rotating coordinates we may assume ±p = (±1, 0,..., 0) and 

E C {(Mo, ...,Un) : U2 = ■ ■ ■ = Un = 0}. 

We have two cases: 
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1. E = {(mo, ■■■,Un) ■ |mo| <1, Ml = 0, M 2 = • • • = Mn = 0}, a real interval: 

In this case 

L = {{Wo,0,...,0):WoeC}. 

But then LnA = {(Bq; 0,0) : Bq = ±1} = {±p} C K, contradicting W E A\K. 

2. E = {{uo,...,Un) ■ ul + u\/r‘^ = 1, M 2 = • • • = = 0} where 0 < r < 1, a 

nondegenerate ellipse: 

In this case, 


L := {(B^o, Wn) : B^J + = I, W 2 = ■ ■ ■ = = 0}. 

But then if B^ G L n B we have 

+ Wl/A^ = 1 = B^2 ^ hB^ 

so that IBi = • • • = Wn = 0 and IBq^ = 1; i.e., L fl B = {±p} C K which again 
contradicts IB E A\K. 

For the reverse inclusion, recall that the variety B is defined by YTj=o^'j — If 
IB = u + iv with u,v E we have 

j=0 j=0 j=0 

Thus for IB = M + iw G B, we have 

n 

= 0 - 
j=o 

If we take an orthogonal transformation T on then, by definition, T preserves Eu¬ 
clidean lengths in i.e., YTj=o'^‘] = 1 = YTj=o{T{u)jY = 1. Moreover, if u,v are 

orthogonal; i.e., Yl'j=o'^jVj = 0, then {u))j■ {T{v))j = 0. Extending T to a complex- 

linear map on via 


r(B^) = T{u + iv) := T{u) + iT{v), 
we see that if B^ G B, then = 0 so that 

n n n 

Y^(T(W)if = - (T(v),f] = ^|t.| - v]] = 1. 

j=0 j=0 j=0 

Thus T preserves B. 


12 


Clearly the ellipse 

Lo := {(hho, hhn) ■.W^ + W^ = l, W2 = --- = Wn = 0} 

corresponding to the great circle Sq := {(mq, ■■■,Un) : + uf = 1, U 2 = ■ ■ ■ = Un = 0} lies 

in A and any other great circle Sa can be mapped to Sq via an orthogonal transformation 
Tq. From the previous paragraph, we conclude that UaLa C A. 

□ 


We use the Lundin formula for Vb in fl2.ip : 

Cs(hF) = ^logh(|Wp+|W2-l|) 

where h{t) = t + — 1 for t G C \ [—1,1]. Now the formula for can only be valid on 

A] and indeed, since = 1 on A, by the previous proposition we obtain 

V^(W) = ^logh(|W|2), We A 

Note that since the real sphere K and the complexihed sphere A are invariant under real 
rotations, the Monge-Ampere measure 

(dAv^(w))" = (dd'^^ioghdwnr 

must be invariant under real rotations as well and hence is normalized surface area measure 
on the real sphere K. This can also be seen as a consequence of being the Grauert tube 
function for iF in A as ((id^V^(W))” gives the volume form dVg on K corresponding to the 
standard Riemannian metric g there (cf., [T^b 

Getting back to the calculation of 1 A,q, note that since W = ? p_|_/ 2 )i /2 )> 

|W|2 ;= |Wod + |Wid + ... + |W„|2 = 


Plugging in to fl4.2p 

R~(W) = Vb{W) = Vk,q{z) - Q{z) = Vk,q{z) - ^ log |1 + 

gives 

Vk,qU) = ^“£([1 + l^t] + {|1 + I-IT - |1 + (4.3) 

for z E Si. We show in section 5 that this formula does indeed give us the extremal function 
VK,Qiz) for all z E C^. 
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A similar observation leads to another derivation of the above formula. Consider F{K) 
as the upper hemisphere 

n 

S := {(mo, ...Wn) e = “0 > 0} 

3=0 

in and let tt : —)■ M"' be the projection 7r(uo,Un) = (ui,...,Un) which we 

extend to vr : —)■ via 7r(hho, •••, hhn) = (hhi, hhn)- Then 

n 

n{S) = Bn := {(Ml, e M” : < 1} 

t=i 

is the real n—ball in C”. Each great semicircle Co in S' - these are simply half of the 
from before - projects to half of an inscribed ellipse Ea in Bn, while the other half of Ea 
is the projection of the great semicircle given by the negative ui, ...,Un coordinates of Ca 
(still in E{K), i.e., with uq > 0). As before, the complexification E* of the ellipses E^ 
correspond to complexifications of the great circles. 

Proposition 4.2. We have 

Hp^K){Wo,...,Wn) = VbS<W)) = VBSWl,...,Wn) = Vb^W') < V^^iWo, -. ,Wn) 
for W = (VEo, = (fTo, IE') G A. 

Proof. Clearly VB„(vr(fE)) < V^{W). For the inequality E[f{k){W} < VB^{7r{W)), note 
that for IE G A with fE = (IEq, fE'), we have 7r“^(lE') = (±lEo, fE') G A but the value of 
is the same at both of these points. Thus IE' ifi?(i^)(7r“^(fE')) is a well-defined 
function of IE' for fE G A which is clearly in L{PP‘) (in the fE' variables) and nonpositive 
if IE' G Bn, hence Hb(k){t^-\W')) < EsJfE'). 

□ 

From fl4.2p . 

H^{W) = E^(IE) = Vk,q{z) - Q{z) = HFi^K){W) 

for 2 ; G n and PE = E{z) so that we have equality for such PE in Proposition 14.21 and an 
alternate way of computing Vk,q- From the Lundin formula, for (PEq, PE') G A we have 

PF2 + PP'2 _ ^ gQ 

VbJW) = ^-\ogh{\wf + \w'^ - 1|) = liogft(|iy|2). 

and we get the same formula (14. 3 h 

vk.q{z) = bog([i + + {|i + r-iy - |i + zry/^) 

for z E Q. 

Remark 4.3. Note that for n = 1, it is easy to see that 

Vk,q{z) = max[log \z - i|, log |z -1- i|] (4.4) 

which agrees with formula fl4.3p . 
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5 Relation with Lie ball and maximality of Vk,q 

One way of describing the Lie ball Ln C C” is that it is the homogeneous polynomial! hull 
(Bnjhom of fho ’^oal ball 

Bn := {x = (xi,Xn) e M" : H-h x^ < 1}. 

A formula for is given by 

Ln = {z = {zi, Zn) e C" : |2;|^ + {{zl'^ - < 1}. 

Note that (by dehnition) is circled. Writing Z := {zo,z) = {zq, zi, ...,Zn) G 
Ln+i = {Ze : jZj^ + {\Z\^ - |Z2|2}V2 < i}_ 

The (homogeneous) Siciak-Zaharjuta extremal function of this (circled) set is 

= U„«(Z) = t log+(|Zp + {|Z|* - |Zy}‘/^). 

Thus 

u„.(i. ^) = i iog(ii+kpi+{|i+kiT - ii+ zrv'^) 

so that from fl4.3p 

VK,Qiz) = 14 „+i(l,z;) 

for z G Q. 

The extremal function Vl^^j(Z) for the Lie ball in is maximal outside Ln+i and, 
since 

fA„^,(AZ) = log|A| + y,„^,(Z) 

for Z G dLn+i and A G C with |A| > 1, we see that is harmonic on complex lines 

through the origin (in the complement of Ln+i)- Thus for each Z ^ the vector Z is 

an eigenvector of the complex Hessian of at Z with eigenvalue 0. We will use this to 
show: for ^ M”, the vector Imz is an eigenvector of the complex Hessian of the function 
Vk,q{z) defined in Ii4.3\) at z with eigenvalue 0. 

To this end, let u : C"" —?■ M denote our candidate function for Vk,q where JL = M” C C” 
and the weight w(z) = \f{z)\ = |1> i-®-) ^ ^ dehne 

u{z) := i log([l + |;2|2] + {[1 + _ |1 + ^2|2|1/2^_ 

Let U : M denote its homogenization, i.e, 

t/(Z) = llog(|Z|2 + {|Z|‘-|Zy}) 
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with Z := {zo,z) G so that m(z) = U{1,z). From above, max[0, t/(Z)] is the extremal 

function for the Lie ball Ln+i, and since U{Z) is psh, so is u{z). Also, U is symmetric as a 
function of its arguments and has the property that U{Z) = U{Z)] in particular it follows 


that 




dZjdZk 




dZjdZk 


Now, for any function v, let Hy{z) denote the complex Hessian of v evaluated at the 
point 2 ;. For any fixed Z G and A G C, 


17(AZ) = 17(Z) + log|A|, 

which is harmonic as a function of A for A 7 ^ 0. It follows that 

Hu{Z)Z = 0 G VZ G \ {0} 


(5.1) 


and that 

Hu{Z)Z = Hu(Z)Z = 0 G VZ G \ {0}. 

Equivalently, equation fl5.ip says that, for 0 < j < u. 


n 


E 


d^U 

dZjdZk 


(Z) X Zfc 


0 . 


But then, for 1 < j < u, we have 


n 


E 


d^U 

dZjdZk 


(Z) X Zfc 


Evaluating at Z = (1,^) we obtain 


n 


E 


d'^U 

dZjdZk 


{l,z) X Zk 


d‘^U 

dZjdZo 


(E) X Zo 


d^U 

dZjdZo 


{l,z) X 1, 


(5.2) 


i.e., 


E 


d‘^u 


dzjdzk 


(z) X Zk= 


d^U 


dZjdZo 




Similarly, from (15. 2 p we obtain, for 1 < j < u. 


” 02rr 

5:EiZ(z)xz,= 


d^U 


k=l 


dZjdZk 


dZidZ 


?^{Z) X Zo 


jUZjQ 


so that evaluating at Z = {I, z) gives 




dzjdzk 


d^U 

dZjdZo 


il,z). 
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Consequently, 


Hu{z)z = Hu{z)z, i.e., Hu{z){z - z) = 0. 

In particular, for z ^1., i.e., 2 ; ^ R"', det{Hu{z)) = 0, i.e., {ddf'uY = 0 (note as u is psh, 
Hu{z) is a positive semi-definite matrix). 

Since the function u is maximal on C” \R” and u{x) = Q{x) = | log(l for x G R"" 
we have proved the following: 

Theorem 5.1. For it" = R"- C C" and weight w(z) = \f{z) \ = 

VkMO = iiog(li + ktl + {|1 + kiy - |1 + 2 6 C" 

Note that from fll.2p . since the Kahler potential uo{x) = Q{x) for x E K = R", 


Vk,q{z) = Uo{z) + VKfi{[l ■ z]). 

Thus we have found a formula for the (unweighted) extremal function of RP"", the real 
points of P"". 

Corollary 5.2. The unweighted uj—psh extremal function o/RP*^ is given by 
VKP".o([1 ■ A) = \ log([l + + {[1 + kiT - |1 + Z^\^Y^A - Uq{z) 

+ ( 5 - 3 ) 

for [1 : z] G C" and 

WRPyo([0 : z]) = ^log(l + [1 - (5.4) 

Since |1 -|- < 1 -|- (and \z‘^\ < |^P), we see that, e.g., upon taking 2 ; = 

f(l/02,..., l/\/n) in (15.31) or letting z —)■ 0 in (15.dh . 

sup nMpn_o(z) = 7 : log 2. 
zeP" 2 

This gives the exact value of the Alexander capacity T(j(RP”) of RP*^ in Example 5.12 of 

m]: 

T^(RP’^) = I/V2. 

We remark that Dinh and Sibony had observed that the value of the Alexander capacity 
T^(RP”) was independent of n (Proposition A.6 in |10]). 
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6 Calculation of {dd^Vx^Q)^ with Vk,q in (l4.3lj 

We will compute {dd^VK,QY ^k,q in (14.3p after discussing some differential geometry. 
Let d{x-,y) be a Finsler metric where x G M” and y G M” is a tangent vector at x. The 
Busemann density associated to this Finsler metric is 

no/(Euclidean unit ball in R”) 


uj{x) = 


vol{Bx 


where 


Bx ■= {y ■ S{x;y) < 1}. 

The Holmes-Thompson density associated to S{x]y) is 

voUBi) 


u{x) = 


no/(Euclidean unit ball in 


where 


B* := {y : 6{x-, y) < 1}* = {x : x ■ y = x^y < 1 for all y G B^} 

is the dual unit ball. Here x^ denotes the transpose of the (vector) matrix x. Finsler 
metrics arise naturally in pluripotential theory in the following setting: ii K = Cl where H 
is a bounded domain in R"' C C"', the quantity 

. . ^ VK{x + ity) VK{,x + ity) -Vk{,x) 

0b( 2:; I/) := hmsnp-= hmsnp- (o.l) 

*^■ 0 + ^ i 

for x G iF and y G R” dehnes a Finsler metric called the Baran pseudometric (cf., [S]). It 
is generally not Riemannian: such a situation yields more information on these densities. 

Proposition 6.1. Suppose 

d{x-,yf = y*G{x)y 

is a Riemannian metric; i.e., G{x) is a positive definite matrix. Then 
vol{B*) ■ vol{Bx) = 1 and vol{B*) = \/det G{x). 

Proof. Writing G{x) = H^{x)H{x), we have 

d{x;yf = y^G{x)y = y^H\x)H{x)y. 

Letting 11-112 denote the standard Euclidean {B) norm, we then have 


Bx = {y ^ R^ : \\H{x)y \\2 < 1} = H ^(x)(unit ball in B 


-norm 


and 


B* = iL(a;)*(unit ball in /^—norm). 

Hence vol{B*) ■ vol{Bx) = 1 and 

vol{{y : 5{x-,y) < 1}*) = vol{B*) = detH{x) = ■\/detG(a;). 


□ 
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Motivated by ( 16.1 p and Theorem 16.21 below, for u{z) 
that the limit 




, uix + ity) — 

hm - 

*->■ 0 + t 


= VK,Qiz) in ( 14 . 31 ) . we will show 
u{x) 


exists. Fixing x G M” and y G M"", let 


F{t) := u{x + ity) = ^ log{(l + + t‘^y‘^) + 2[t^y‘^ + t^x‘^y‘^ — {x ■ ty)'^]^^'^} 

= ^ log{(l + x^ + t^y'^) + 2t[y‘^ + xV - (a; • 2/)T^^}- 

It follows that 

w.„ , 12[|/2 + a;V- [i/^ + xV - (a; • 

04x,2/j-i^ puj- 2 - 1 + ^2 


We write 


where 


, 2 / . ^ y^ + x^y^- (x-y) ^ 


Ki.Fy) = 


G{x) ;= 


(1 + 

(1 + x^) J — xx^ 


= y G{x)y 


(1 + x^)^ 

Since this matrix is positive dehnite, 6u{x]y) dehnes a Riemannian metric. 

We analyze this further. The eigenvalues of the rank one matrix xx* G are 

x^, 0,..., 0 for 

(xx*)x = x(x*x) = x^ • x; 

and clearly x T x implies (xx*)x = x(x*x) = 0. The eigenvalues of (1 + x^) J — xx^ are then 
(1+x^)—x^, (1 + x^) — 0,..., (1 + x^) —0 = 1,1 + x^,..., 1 + x^ 
and the eigenvalues of G{x) are 


(1 + X^)2 ’ 1 + x^ ’ ’ 1 + x^ 

This shows G(x) is, indeed, positive dehnite (it is clearly symmetric) and 

1 


det G{x) = 


(1 + x2)’"+i‘ 


From Proposition 16.11 


vol{B*) = det G{x) = 


(l + x 2 )^ vol{B^)' 
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In particular, the Busemann and Holmes-Thompson densities associated to 6u{x-, y) are 


1 

(l + a; 2 )=±i 


( 6 . 2 ) 


up to normalization. Note from (I4.4p in Remark 14.31 this agrees with the density of AVk,q 
with respect to Lebesgue measure dx on M if n = 1 and this will be the case for the density 
of {dd^VK,QY with respect to Lebesgue measure dx on M" for n > 1 as well. For motivation, 
we recall the main result of [9] (see [2] for the symmetric case K = —K): 


Theorem 6.2. Let K be a convex body and Vk its Siciak-Zaharjuta extremal function. 
The limit 


6{x;y) 


VK{x + ity) 
t^o+ t 


(6.3) 


exists for each x G intjRniF and y G and 


{dd^VKY = A(a:)dx where X{x) = n\vol{{y : S{x;y) < 1}*) = n\vol{Bl). (6.4) 


The conclusion of Theorem 16.21 required Proposition 4.4 of [9]: 


Proposition 6.3. Let D C C"' and let 12 := DnW^. Let v be a nonnegative locally bounded 
psh function on D which satisfies: 
i. 12 = {n = 0}; 
a. {dd^vY = 0 on Z2 \ 12; 

Hi. {dd^vY = \{x)dx on 12; 

iv. for all X E Ll, y E M”, the limit 


h{x,y) 


lim 

t^o+ 


v{x + ity) 
t 


exists and is continuous onkl x iM"; 


V. for all X E fl,y ^ h{x, y) is a norm. 

Then 

X{x) = n\vo\{y : h{x,y) < 1}* 
and X{x) is a continuous function on 12. 

Theorem 6.4. For Vk,q in 

{dd^VK,QY = n\- - \^dx. (6.5) 

(1 + X^j 2 

Proof. Recall we extended Q{x) = | log(l + xY on M"- to all of C” as 

Q{z) = Uog\l + zYeL{CY- 

With this extension of Q, and writing u := Vk,q, we claim 
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1. Q is pluriharmonic on C” \ i/ where V = {z G : 1 + z'^ = 0}; 

2. u — Q >0 in C"; and M” = {z e C" : u{z) — Q{z) = 0}; 

3. for each x, ?/ G M" 

Q{x + ity)-Qix) ^ 

t-i^0+ t 

Item 1. is clear; 2. may be verihed by direct calculation (the inequality also follows from 
the observation that Q G L(C"') and Q equals u on M"); and for 3., observe that 

|1 + (x + = (1 + + 4t\x ■ yf = (1 + x^f + Q{t^) 


so that 


Q{x + ity) - Q{x) = - log |1 + (x + ityY\ - 77log(l + x^) 


1 (l+x^)^ + 0(t^) 

4 ^ (1+X2)2 


1 0(t2) 


as t ^ 0. 


4 (1 + x2)2 

Thus 1. and 2. imply that v := u — Q dehnes a nonnegative plurisubharmonic function in 
C"’ \ V, in particular, on a neighborhood Zi) C C" of M"'; from 1., 


(dd'^v)^ = {dd^u)^ on T); 


( 6 . 6 ) 


and from 3., for each x, ?/ G M" 


j. v{x + ity) — v{x) j. u{x + ity) — Q{x + ity) — u{x) + Q{x) 
t^o+ t t^o+ t 


u(x + zty) — u(x) Q(x + zty) — Q(x) 

= hm-hm - 

t^o+ t t^o+ t 

Then fl6.6p . fl6.2p and Proposition 16.31 give fl6.5p . 


Su{x;y). 


□ 
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